Using optimal control to adjust the production rate of a deteriorating inventory system  by El-Gohary, Awad et al.
 --------------------------------------------------------- 
1 E-mail address: elgohary@yahoo.com 
 
ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Available online at www.jtusci.info
ISSN: 1658-3655 
El-Gohary et.al / JTUSCI 2: 69-77 (2009) 
Using optimal control to adjust the production rate of a 
deteriorating inventory system 
 
Awad El‐Gohary1, Lotfi Tadj2 and Adel F. Al‐Rasheedi1 
1Department of Statistics and Operations Research, College of Science, King Saud University, 
Riyadh 11451, KSA. 
2Department of Management and e-Business, School of Business Administration, American 
University in Dubai, Dubai, United Arab Emirates. 
 
Received 27 November 2006; revised 28 July 2007; accepted 8 February 2008 
Abstract 
This work represents is another contribution to the application of optimal control theory to production 
inventory systems.  We consider a firm that produces some product at a certain rate and aims at 
improving this rate.  We successfully formulated the model as an optimal control problem and obtained 
an explicit solution using the maximum principle.  An illustrative example is provided and the sensitivity 
of the model to some of the system parameters was addressed. 
Keywords: Production inventory systems; item deterioration; optimal control; maximum principle; rate 
adjustment. 
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1. Introduction 
We consider in this paper a production 
inventory system that produces a single product at 
a certain production rate (actual rate) and seeks an 
alternative production rate (desired rate).  The 
system is dynamic by nature and an optimal control 
approach seems particularly well suited to achieve 
its optimization. 
One fascinating aspect of optimal control 
theory is its wide range of applications.  It has 
found successful applications in various areas of 
management science and operations research; see 
Sethi and Thompson [1].  We are especially 
interested in applications of optimal control theory 
to inventory theory.  Among the most recent 
literature on the subject are references listed [2- 8].  
In the system we are studying here, the 
product is supposed to deteriorate while in stock.  
Items deterioration is a matter of prime importance 
in inventory theory and this feature has received a 
great deal of attention from researchers, as shown 
by the surveys of Nahmias [9], Raafat [10], and 
Goyal and Giri [11].  The optimal control of some 
deteriorating production inventory systems has 
been considered by Bounkhel et al. [12], Hedjar et 
al. [13, 14], and Tadj et al. [15]. 
Besides adjusting its production rate, we also 
assume that the firm has set an inventory goal level 
and penalties are incurred for the inventory level to 
deviate from its goal and for the desired production 
rate to deviate from the actual production rate. 
The problem is presented as an optimal 
control problem with one control variable and two 
state variables, and a closed form solution is 
obtained using the maximum principle. 
The rest of the paper is organized as follows.  
Following this introduction, the model is presented 
and solved in Section 2.  In Section 3 we present 
some illustrative examples and discuss the 
sensitivity of our model to the system parameters. 
 
2. Model Formulation and Solution 
Consider a manufacturing system that 
produces a single product, selling some units and 
adding others to inventory.  We start by writing the 
differential equation models.  These can be 
conveniently formulated in terms of 
• the state variables, 
o the actual production rate )(tPa ; 
o the inventory level )(tI ; 
• the control variable, 
o the desired production rate 
)(tPd ; 
• and the exogenous functions, 
o the demand rate )(tD ; 
o the deterioration rate )(tθ . 
All functions are assumed to be nonnegative, 
continuous and differentiable.  At any instant of 
time t , the demand occurs at rate )(tD , the actual 
production occurs at rate )(tPa , and the 
deterioration occurs at rate )(tθ .  It follows that 
the inventory level )(tI  evolves according to the 
following first order differential equation: 
 
 ),()()()()( tIttDtPtI a θ−−=&      (2.1) 
 
With initial condition 0)0( II = .  Also, we assume 
that the actual production rate responds to the 
desired production rate with an exponential time-
delay of α/1 , where α  is a real positive 
parameter.  That is, the actual production rate 
)(tPa  evolves according to the following first 
order differential equation: 
[ ],)(  -   )()( tPtPtP ada α=&      (2.2) 
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With initial condition aa pP =)0( .  This balance 
equation was also used by Porter and Taylor [16] 
Bradshaw and Porter [17]) and Riddalls and 
Bennett [18].  We now want to write the objective 
function.  The firm has set an inventory goal level 
Iˆ  and penalties q  and r  are (respectively) 
incurred for the inventory level )(tI  and the 
desired production rate )(tPd  to deviate 
(respectively) from the inventory goal level Iˆ  and 
the actual production rate )(tPa .  The objective 
function is thus 
 
[ ] [ ] .∫ )()(2+ˆ)(2=),,(min 0
22
0≥)(
T
da
tρ
ad
tP
dttPtP
r
ItI
q
ePIPJ 
 
(2.3) 
 
Here 0≥ρ  is the constant discount rate.  The 
interval )0>(],,0[ TT  is called the planning 
horizon.  The optimal control approach consists in 
determining the optimal control )(* tPd  (and hence 
the optimal states )(* tI  and )(* tPa ) that minimizes 
the objective function (2.3) subject to the state 
equations (2.1)-(2.2).  By the maximum principle 
of Pontryagin [19], there exist two adjoint 
functions 1λ  and 2λ  such that the Hamiltonian 
function, defined by 
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satisfies the control equation 
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=∂
∂
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d
                 (2.4) 
 
the adjoint equations 
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and the state equations 
 
,)0(),(
)( 01
IItI
t
H ==∂
∂ &
λ                   (2.7) 
.)0(),(
)(2
aaa pPtPt
H ==∂
∂ &
λ                   (2.8) 
 
For simplicity, we will take 0=ρ  and assume that 
deterioration occurs at constant rate, so that 
0)( >= θθ t .  The case 0>ρ  and θθ =)(t  is 
more complicated and will be the subject of future 
research.  Then, the control equation (2.4) is 
equivalent to 
 
),()()( 2 tPtr
tP ad += λα       (2.9) 
 
While the adjoint equations (2.5) and (2.6), taking 
into account (2.9), are respectively equivalent to 
 [ ],ˆ)()()( 11 ItIqtt −+= θλλ&    (2.10) 
 
72 El-Gohary et.al / JTUSCI 2: 69-77 (2009) 
 
Optimal control to deteriorating inventory system 
 
),()( 12 tt λλ −=&      (2.11) 
The state equations (2.7) and (2.8) are, of course, 
the same as (2.1) and (2.2).  Taking into account 
(2.9), the second state equation can be further 
simplified to 
 
).()( 2
2
t
r
tPa λα=&     (2.12) 
 
The scalar equations (2.1), (2.12), (2.10), and 
(2.11) are equivalent to the vector-matrix state 
equation 
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The matrix A  has four eigenvalues 
)4,3,2,1( =imi  given by 
 
,
2
4 242
r
q
m
αθθ −±
±=    (2.14) 
and the corresponding eigenvectors )4,3,2,1( =iyi  
are given by 
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Since the eigenvectors are linearly independent, the 
matrix A  is diagonalizable, i.e., if 
( )4321 ,,, yyyyY =  denotes the transition 
matrix, then 
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To simplify the solution procedure of Equation 
(2.13), we will make use of the diagonal 
representation of A  and let Yzx =  so that 
)()( tzYtx && = .  Then, Equation (2.13) becomes 
 
),()()( 1 tftAYzYtz += −&     (2.16) 
 
where the vector f  is such that 
 
).()( 1 thYtf −=      (2.17) 
 
For 4,3,2,1, =ji , denote by ijy  the entries of the 
matrix Y  and define the values ijb  by 
.
4
1
ij
i
kjik yb δ=∑=      (2.18) 
 
Then, the components of the vector f  are given 
by 
).4,3,2,1(),(ˆ)( 13 =−= jtDbIqbtf jjj   (2.19) 
Now, Equation (2.16) is a set of 4 first order non-
homogeneous differential equations with constant  
coefficients.  Standard techniques yield its solution 
as 
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Algorithm 
Step 1: Compute the eigenvalues (2.14) and 
eigenvectors (2.15) of the matrix A . 
Step 2: Compute the vectors f  by (2.19) and 
z  by (2.20). 
Step 3: Compute Yzx = . 
 
Theorem 2.1  The optimal solution ( )*** ,, ad PIP  of the production inventory system is 
given by 
{ } [ ]{ }
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The constants )4,3,2,1( =jc j  are determined 
using the initial conditions 0)0( II = , aa pP =)0(  
and terminal conditions 0)(1 =Tλ , 0)(2 =Tλ .  
These considerations should enable us to find the 
optimal solution to our problem.  We summarize in 
the following algorithm the successive steps of the 
procedure to solve Equation (2.13) 
 
 
 
 
 
 
 
 
 
 
 
The first and second components of x  thus 
computed are the state variables I  and aP .  
Equation (2.9) along with the fourth component of 
x  (which is 2λ ) yield the control variable dP .  
The results of this section are summarized in 
theorem 2.1. 
 
3. Illustrative Examples 
We want in this section to present some 
illustrative examples of the results obtained.  We 
use the following parameters: 5=T , 5=q , 
5=r , 50 =I , 5=ap , 5=α , 001.0=θ , and 
40ˆ =I .  We also consider there different demand 
trends: constant 20)( == dtD , 
linear 15)( 21 +=+= tdtdtD , and 
sinusoidal ttD cos1)( += .  For each case we 
plotted the optimal inventory level *I , the optimal 
actual production rate *aP , and the optimal desired 
production rate *dP .  The results are plotted in 
Figures 1, 2, and 3. 
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Fig.  1. Optimal production policy for constant demand rate. 
Fig.  2. Optimal production policy for linear demand rate. 
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Table 2: Effect of cost parameter r . 
Table 1. Effect of cost parameter q . 
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In all three cases, the optimal inventory level starts 
from the initial value 50 =I  and then increases to 
tend to 40ˆ =I  as t  increases.  Also, in all three 
cases, the optimal actual production rate starts from 
the initial value 5=ap  and then increases to tend 
to the optimal desired production rate as t  
increases. 
 
Sensitivity Analysis 
To assess the sensitivity of our model, we 
study the effect on the objective function value of 
the system parameters, which we divided into two 
categories: monetary parameters rq,  and non-
monetary parameters IpI a ˆ,,,,0 θα , and T .  In our 
computational experiment, we took the base values 
given in the paragraph above and then varied only 
one parameter.  The results are presented in   
Tables 1-8. 
 
Effect of the monetary parameters 
Table 1 shows that the objective function is a 
convex function of the cost parameter q , with a 
minimum at 5=q .  Similarly, Table 2 shows that 
the objective function is a convex function of the 
cost parameter r , with a minimum at 5=r . 
 
 
q 1 2 3 4 5 6 7 8 9 10 
*J  3937 3785 3434 2730 2533 3714 7151 13720 24320 39830 
 
 
r 1 2 3 4 5 6 7 8 9 10 
*J 294500 42380 10060 3462  2533 3166 4228 5356 6430 7414 
Fig. 3. Optimal production policy for sinusoidal demand rate. 
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Table 3: Effect of initial inventory 0I . 
Table 4: Effect of initial actual production rate ap . 
Table 7. Effect of deterioration rate θ . 
Table 8. Effect of planning horizon length T . 
Effect of the non-monetary parameters: Tables 3-8 
show that the objective function decreases as 
apI ,0 , or α  increases but increases as Iˆ,θ , or T  
increases.  However, the increase due to the 
deterioration is almost negligible while the increase 
due to T  is apparent only for the first two values 
and then the function becomes constant. 
 
 
 
0I  1 2 3 4 5 6 7 8 9 10 
*J  3061 2924 2791 2660 2533 2409 2288 2171 2056 1945 
 
 
 
ap  1 2 3 4 5 6 7 8 9 10 
*J  2761 2760 2623 2578 2533 2489 2446 2403 2360 2319 
 
 
 
 α  1 2 3 4 5 6 7 8 9 10 
*J  7718 4656 3529 2921 2533 2260 2055 1895 1765 1657 
 
 
 
Iˆ  1 2 3 4 5 6 7 8 9 10 
*J  36.45 40.39 47.49 57.75 71.18 87.76 107.51 130.42 156.49 185.73 
 
 
 
θ  0.0005 0.001 0.002 0.004 0.008 0.016 0.032 0.064 0.128 0.256 
*J  2533 2533 2534 2535 2536 2540 2546 2560 2590 2660 
 
 
 
T  1 2 3 4 5 6 7 8 9 10 
*J  2367 2505 2533 2533 2533 2533 2533 2533 2533 2533 
 
 
 
 
 
 
 
 
 
 
 
 
Table 5: Effect of time delay α/1 . 
Table 6.Effect of inventory goal level Iˆ . 
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